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In this paper, the inﬂuence of capillary force on the deﬂection and pull-in instability of electrostatic micro
actuator beams is investigated in the presence of a dielectric layer. A distributed parameter model is used
to simulate the deﬂection of microbeam subject to the applied forces. The obtained governing differential
equation of the beam is solved using the modiﬁed Adomian decomposition method (MADM). The results
of MADM are compared with the numerical results of the Runge–Kutta–Fehlberg method, and they are
found to be in good agreement. It is found that the voltage parameter, the capillary parameter and the
dielectric parameter are the most signiﬁcant parameters which affect the pull-in instability of the micro
actuator. The results show that there is a speciﬁc value of dielectric parameter in which the variation of
the dimensionless capillary parameter does not affect the value of maximum deﬂection of the micro
actuator at the onset of pull-in instability. We introduced this value of dielectric parameter as Balance
Dielectric Layer (BDL) because of its unique properties. There are also speciﬁc BDL values for internal
stress and bending moment of the micro actuators. The BDL values are of interest for design of micro
actuators in applications in which the capillary effects appeared.
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
Over the last few years, the study of the failure mechanisms
and reliability of microelectromechanical systems (MEMS) has
attracted considerable attention [1,2]. There are varieties of micro
actuators utilized for positioning and motion, such as scratch drive
actuators, comb drives, and torsional scanner mirrors [3–5]. A
typical micro actuator is constructed using two parallel electrodes,
a movable electrode and a substrate. Applying molecular or
external force between two electrodes causes the movable electrode to deﬂect into the substrate. At a critical deﬂection, instability occurs and the movable electrode is pulled-in onto the
substrate. This phenomenon is deﬁned at instability points of
parallel plate actuators by applied electrostatic, electrochemical or
capillary forces [6–8].
The pull-in characteristics of typical beams used in micro- and
nano-electromechanical systems (MEMS and NEMS) have been
studied by previous researchers [9–15]. Petersen [11] was the ﬁrst
who proposed the pull-in voltage of an electrostatic microactuator in 1978. Osterberg and Senturia [12] implemented tests
to determine the pull-in instability of electrostatic beam actuators
n
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as well as clamped circular diaphragms. After that, many researchers conducted theoretical or experimental studies to analyze the
pull-in instability of actuators.
Many researchers have analyzed the pull-in instability of micro
actuators in the vacuum [13–16]. Zhe et al. [13] discussed and analyzed
the pull-in voltage of parallel rigid plate actuators. Gorthi et al. [14]
studied the pull-in voltage behavior of electrostatic actuators using a
beam model with a dielectric layer. They identiﬁed three possible
static conﬁgurations of the microbeams, namely, ﬂoating, pinned and
ﬂat conﬁgurations. They classiﬁed all possible transitions based on a
dielectric layer parameter. Rollier et al. [15] as well as Noghrehabadi
et al. [17] have studied the stability conditions of parallel-plate
electrostatic actuators, which are embedded in liquids. They show
that the pull-in instability can be shifted beyond one-third of the gap,
and it can even be suppressed by changing the dielectric layer
parameter. Recently, demand for design and fabrication of MEMS
has been rapidly increased in applications such as electrolyte liquids
(in bio applications) or drying processes [1,6,15,17].
Lin and Zhao [18] prepared an analytical solution using a
lumped model to study the effect of Casimir force on the critical
pull-in gap and pull-in voltage of the nonlinear model of an
electrostatic actuator. Zhang and Zhao [19] developed an analytic
model to consider the simultaneous effects of axial stress, residual
stress, and fringing-ﬁeld of the ﬁxed-ﬁxed micro switches. The
Casimir force is very important in nano-scale dimensions, and it
decreases as the dimensions increase to micro-scale; hence the
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effect of Casimir force is neglected in the analysis of micro
actuators.
The capillary force usually is induced by trapping liquid
(usually water) between parallel plates of beam actuators. This
force, which is being in surface of micro-machined structures by
wet etch of sacriﬁcial layers, can create pull-in effect and can be
the instability reason of micro-actuators. Mastrangelo and Hsu [6]
were the ﬁrst who analyzed the capillary force underneath a thin
micromechanical structure and examined the deﬂection, mechanical stability and adhesion of that device. Guo et al. [7] studied
static instabilities of torsion MEMS/NEMS actuators caused by
capillary effects. Ouakad and Younis [8] modeled and analyzed the
static behavior and collapse instabilities of doubly clamped micro
beams subjected to capillary forces. They adopted a nonlinear
model for the beams and examined the effect of mid-plane
stretching on the pull-in length. The effect of capillary force on
the pull-in instability of micro actuators in the presence of a
dielectric layer has not been analyzed yet.
Wei and Zhao [20] studied the ‘pull-off’ situation between an
Atomic Force Microscope (AFM) tip and a ﬂat surface. They
reported that the adhesion force not only depends on the water
ﬁlm thickness, relative humidity and the free energy of the water
but also on the contact time. The adhesion force increases with the
contact time in higher relative humidities [21]. Sun et al. [22]
developed a theoretical model to calculate the capillary force
between probe tips and nanoparticles under ambient conditions.
It is shown that the tip shape and the radial distance of the
meniscus have a great inﬂuence on the capillary force.
Because of the inherent nonlinearity of the forces acting on the
MEMS actuators, the governing equations are also nonlinear. There
are several numerical methods which can accurately integrate the
governing boundary value differential equation [23–26]. However,
near the pull-in stability, the numerical approaches signiﬁcantly
become unstable and may diverge before the pull-in instability
occurs. The numerical approaches usually solve the governing
equations in discrete subspaces of the domain of solution and for a
speciﬁed set of physical or non-dimensional parameters. Therefore, for each set of physical or non-dimensional parameters a
numerical integration of the governing equations is required.
Recently, analytical methods have been used to solve nonlinear
governing equation of micro or nano actuators to obtain a solution
for pull-in instability of these actuators. Zhang and Zhao [26] have
analyzed pull-in stability of micro actuators subject to electrostatic
forces. They have approximated the non-linear terms of the
governing equations by the Taylor series expansion. Noghrehabadi
et al. [27] have utilized a monotone positive solution approach
based on Green's functions to study deﬂection of nanotube
cantilevers.
The Adomian decomposition method is an analytical method
proposed by Adomian for a wide class of dynamical systems
without linearization, or weak nonlinearity assumptions [28].
After that, Wazwaz [29] proposed a powerful modiﬁcation of the
Adomian decomposition method that will accelerate the rapid
convergence of the series solution. The effectiveness of the
modiﬁed Adomian decomposition method has been demonstrated
in many recent researches [30].
The Adomian decomposition method has been utilized to
obtain pull-in deﬂection of electrostatic nano-actuators by Soroush et al. [31], Koochi et al. [32] and Noghrehabadi et al. [33] for
cantilever beam actuators. Noghrehabadi et al. [33] have found
that the results of the Adomian decomposition method are in good
agreement with numerical results; however, the accuracy of the
Adomian decomposition method in comparison with numerical
results is comparatively low (about 10% error). Hence, they
employed the Pade approximations to improve the accuracy of
the solution near the pull-in instability. Koochi et al. [34] as well as

Kuang and Chen [30] have employed the Modiﬁed Adomian
Decomposition Method (MADM) proposed by Wazwaz [35] to
study the pull-in behavior of parallel actuators. Because of rapid
convergence of MADM, they [30,34] have found excellent agreement between the results of MADM and numerical results.
The objective of the present paper is to study the effect of
capillary force on the pull-in instability of micro actuators in the
presence of a dielectric layer. The micro actuator is modeled as a
doubly clamped beam, which is subjected to the electrical and
capillary forces. The distributed parameter model of the beam in
its non-dimensional form depends on the non-dimensional dielectric parameter, electrical parameter, fringing ﬁeld parameter and
capillary parameter. The MADM is utilized to obtain an analytic
solution for the nonlinear differential equation of the micro
actuator beam. The dependency of the pull-in instability on the
non-dimensional parameters is analytically investigated. To the
best of the authors' knowledge, the results of the present paper are
new, and they have not been published before.

2. Mathematical model
Fig. 1 shows a doubly clamped microbeam with a layer of
dielectric on the substrate. A droplet of liquid is trapped between
the top electrode and dielectric layer, which induces the capillary
force. V is the external voltage difference between the top
electrode and the substrate. td is the thickness of the dielectric
layer, and L is the length of the top electrode. The rectangular
cross-section of the top electrode is assumed to be uniform with
thickness t and width w. The gap between the dielectric layer and
top electrode is h, which is kept constant; however, the dielectric
thickness can be changed.
In the present study, the static deﬂection of the microbeam is
considered for the constitutive material of microbeam. The effective beam material (Eeff) for narrow beams (wo5t) becomes E and
for wide beams (w 45t) becomes the plate modulus E/(1−ν2), in
which ν is the Poisson ratio [36]. The ﬁnite kinematic effect is
negligible when L4 10h [37,38]; as most of the switches have
comparatively long length, the ﬁnite kinematic effect is neglected.
The capillary effects usually appear in the case of wide beams, and
especially in the process of drying. The capillary force is time
dependent [21]; however, in static cases the time dependent
effects are neglected. It is assumed that the capillary force always
acts on the entire beam. This is a realistic assumption because the
wide micro actuator plates have open edges, and thus, simultaneous with the deﬂection of the beam, the trapped droplet can
leak to the sides of the actuator [15]. Therefore, after deﬂection of
the beam, the space between electrodes is maintained ﬁlled with
the liquid. Considering the microbeam and the ground plane as
two parallel rigid plates; the capillary force applied on the
microbeam makes an angle θ with the unit vector that is normal
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Fig. 1. Schematic representation of distributed model of ﬁxed–ﬁxed microbeam
with a dielectric layer.
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to the surface of the liquid. This force is expressed as 2γls cos(θc)
Ac/r, where γls is the surface tension of the liquid, the contact angle
θc is the liquid–solid interfacial tension, Ac is the area of contact
between the liquid and the microbeam, and r is the distance
between the microbeam and the ground plane [6]. Thus, by
accounting for the change in r as h−Y and following the work of
Legtenberg et al. [38], the capillary force per unit length of the
doubly clamped microbeam is written as [6]
f cap ¼

2γ ls w cosθ
;
ðh−YÞ

ð1Þ

where Y is the deﬂection of the microbeam, γls is the surface tension
of liquid and θ is the contact angle between the liquid and the
beam. The water drops between the beam and the substrate may
not remain rectangular. However, for the wide micro actuators, the
effect of the droplets curvature on the electrical force is neglected.
The fringing ﬁeld effect mostly is the interaction between the
electrical ﬁelds on edges of the beam; it takes place outside the
micro switch and in the vacuum. Hence, the effects of the dielectric
layer and liquid beneath the beam on the electrical force are taken
into account. However, the effect of the dielectric layer as well as
liquid droplets beneath the beam on the fringing ﬁled effect
may be neglected. Considering the ﬁrst order fringing ﬁeld correction in the absence of liquid and dielectric, the electrostatic force
per unit length of the doubly clamped microbeam is deﬁned as
[39,40]
ε0 εwV 2

ε0 V 2
0:65
f elec ¼
;
þ
2
2 ðh þ t d −YÞ
2ðt d ε=εd þ h−YÞ

ð2Þ

where ε0 ¼ 8.854  10−12 c2/Nm2 is the permittivity of the vacuum,
and ε is the relative permittivity of the medium. td and εd are the
thickness and relative permittivity of the insulating layer, respectively. V is the external voltage difference between the substrate and
the beam.
It is noted that when the maximum deﬂection is less than the
thickness, small deﬂection can be considered valid, and the
stretching effects can be neglected [19]. Considering small
deﬂections of the microbeam and applying the virtual work
principle, the appropriate approximation of the beam deﬂection
in the absence of the non-conservative forces can be obtained as
fallows [31]:
Z
δW ¼ δEelast −δW elec −δW cap ¼

2

L
0

Eef f I

2

d Y d Y
δ
−f elec δY−f cap δY
dX 2 dX 2

!
dX

ð3Þ

2
3
L
d Y dY L
d Y

δW ¼ Eef f I 2 δ
 −Eef f I 3 δy
dX
0
0
dX
dX

þ

0

!

4

L

Eef f I

d Y
dX 4

where X is the position along the beam measured from the one
end, and I is the moment of inertia of the beam cross section [36].
By substituting Eqs. (1) and (2) into Eq. (5-a) and introducing the
non-dimensional variables as
β¼

ε0 εwL4 V 2

γ ca ¼

; γ f r ¼ 0:65

3

2h Eef f I

2γ ls w L4 cos θ
2

EIh

−f elec −f cap

δY dX

ð4Þ

The deﬂection of the microbeam is evaluated by the following
boundary-value differential equation

dX 4

¼ f elec þ f cap ;

ð5  aÞ

and the geometrical boundary conditions at the ﬁxed ends as
Yð0Þ ¼ Y′ð0Þ ¼ 0;

ð6Þ

4

γf r
d g
β
γ
− ca ;
¼−
−
dx4
ðK þ gðxÞÞ2 Kεr þ gðxÞ gðxÞ

ð7  aÞ

where g is the non-dimensional deﬂection of the beam and x is the
non-dimensional parameter along the beam. β, γfr, K and γca are the
applied voltage parameter, fringing ﬁeld parameter, dielectriclayer parameter and capillary parameter, respectively. εr is the
ratio of the relative dielectric permeability to the relative permeability of liquid (εr ¼εd/ε). In the following text, the value of εr is
assumed to be 8.0/80.1, where 8.0 is the equivalent permeability of
insulating layer (SixNy [15]), and 80.1 is the relative permeability
of liquid (water) [15]. The non-dimensional boundary conditions
at the ﬁxed ends are
gð0Þ ¼ g′ð0Þ ¼ 0;

ð7  bÞ

gð1Þ ¼ g′ð1Þ ¼ 0;

ð7  cÞ

where prime denotes differentiation with respect to x.

3. Analytic solution
3.1. Modiﬁed Adomian decomposition method
The Adomian polynomials are very powerful in solving nonlinear differential equations [35,41,42]. Different modiﬁcations of
the Adomian decomposition method have been proposed by
recent researchers [43–47]. The modiﬁed Adomian decomposition
method was established as a very effective, simple and convenient
method by Wazwaz in 1999 to solve nonlinear initial and boundary value problems [29]. Here, MADM has been implemented to
solve the governing equation of the micro beam, Eq. (7-a), subject
to the boundary conditions of Eqs. (7-b) and (7-c).
Consider the boundary value problem of the forth order
differential equation in the form
4

d g=dx4 ¼ NðgðxÞÞ;

ð8  aÞ

gð0Þ ¼ 1;

g′ð0Þ ¼ 0;

ð8  bÞ

gð1Þ ¼ 1;

g′ð1Þ ¼ 0;

ð8  cÞ

where N(g(x)) can be linear or nonlinear functions. g(x) can be
written as
∞

gðxÞ ¼ ∑ g n ðxÞ;

YðLÞ ¼ Y′ðLÞ ¼ 0

ð5  bÞ

ð9Þ

Here, N(g(x)) is the right hand side of Eq. (7-a) and can be
approximated by a series of Adomian polynomials [48].
∞

4

d Y

; x ¼ X=L; g ¼ 1−Y=h;

the governing equation can be written in the following nondimensional form:

n¼0

Eef f I

hβ
t
; K¼ d ;
wε
εr h

subject to the following boundary conditions

Integrating Eq. (3) yields

Z
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NðgðxÞÞ ¼ ∑ N n ðxÞ:
n¼0

ð10Þ

According to speciﬁc algorithm established by Adomian, the
polynomials Nn are the so-called Adomian polynomials which can
be generated for various kinds of nonlinearity. Eq. (8-a) can be
rewritten in the operator form by substituting Eq. (9) into Eq. (8-a)

86

E. Yazdanpanahi et al. / International Journal of Mechanical Sciences 74 (2013) 83–90
∞

as follows:

gðxÞ ¼ ∑ g n ðxÞ ¼ d0 þ d1 x þ 12d2 x2

∞

Lð4Þ ðgðxÞÞ ¼ ∑ N n ðxÞ;

n¼0

ð11Þ

n¼0

þ16d3 x3 −βL−ð4Þ



n¼0

where L(4) is the differential operator given as
ð4Þ

L

ð12Þ

0

A0 ¼

1
ðK þ g 0 Þ2

;

B0 ¼

A1 ¼ g 1 H 1 ðg 0 Þ ¼ −

0

By considering the governing differential equation of microbeam
(Eq. (7-a)) and employing introduced operator (Eq. (13)) to Eq. (8-a),
the dependent variable (g(x)) can be written as [29],
∞

2

gðxÞ ¼ ∑ g n ðxÞ ¼ d0 þ d1 x þ d2 x þ
n¼0
 ∞

þL−ð4Þ ∑ Nn ðxÞ ;
1
2

d1 ¼ g′ð0Þ;

d2 ¼ g″ð0Þ;

B2 ¼ −

ð14  aÞ

g2
ðKεr þ g 0 Þ2

ð14  cÞ

!
γ f r d1
γ ca d1
þ
þ
x5 þ
60ðd0 þ KÞ3 120ðd0 þ Kεr Þ2 120d0 2
βd1

B1 ¼ −

g 21
2!

þ

g1 2
ðKεr þ g 0 Þ3

þ ð1=6Þd3 x3 −

γ f r d2

þ
2

720ðd0 þ Kεr Þ
0
γ :β

conditions at x¼1. According to the modiﬁed Adomian decomposition method [29], the recursive relations of Eq. (14-a) are
demonstrated as follows:
g 0 ðxÞ ¼ d0 ;

ð15  aÞ

g 1 ðxÞ ¼ d1 x þ 12 d2 x2 þ 16d3 x3 þ L−ð4Þ ½N 0 ðxÞ;

ð15  bÞ

g k ðxÞ ¼ L−ð4Þ ½N k−1 ðxÞ:

ð15  cÞ

;

β
24ðd0 þ KÞ

γ ca d2
720d0

þ
2

The Adomian polynomial Nn can be derived by the following
convenient equations [29,49]:
v¼1

Cðv; nÞ ¼ ∑pi ∏vi ¼ 1

g ki
pi
k!

;

ðn 4 0Þ;
v

ð16  aÞ
!

∑ ki pi ¼ n; 0 ≤i ≤ n; 1 ≤ pi ≤n−v þ 1 ;

i¼1

ð16  bÞ
v

H v ðg 0 Þ ¼ d =dg 0 v ½Nðg 0 Þ;

;

C1 ¼ −

g1
;
g0 2

C2 ¼ −

2
0Þ

4

;

g2
g 2
þ 1 :
g0 2 g0 3

ð18  cÞ

−
2

ð16  cÞ

where ki is the number of repetitions in gpi and the values of pi are
selected from the above range by a combination without repetition. Here, the dependent variable, g(x), can be represented by
employing the Adomian decomposition method,

!
γf r
γ
− ca x4 ;
24ðd0 þ Kεr Þ 24d0

!

βd2
360ðd0 þ KÞ3

x6

r

0

0

ð19  bÞ

0

Therefore, by applying the boundary conditions at x ¼0, the
constants d0 and d1 are concluded as 1 and 0, respectively.
Regarding the unknown coefﬁcients of d2 and d3, the polynomial
solution of Eq. (8-a) is obtained by the sum of three terms, which
can be summarized as
gðxÞ ¼ g 0 ðxÞ þ g 1 ðxÞ þ g 2 ðxÞ þ ::::;

N n ¼ ∑ Cðv; nÞH v ðg 0 Þ;

g1

ð19  aÞ

0

n

ð18  aÞ

ðKεr þ g 0 Þ2

0

1
γ f r :β
ca
2
2 þ 40320ðd þKε Þ2 ðd þKÞ2
r
0
0
B 40320d0 ðd0 þKÞ
C
B
C
γf r 2
γ f r :γ ca
!
γ ca 2
Bþ
C
þ
þ
3
2
3
B 40320ðd0 þKεr Þ
γ f r d3
40320ðd0 þKεr Þ d0 C 8
γ ca d3
βd3
40320d0
7 B
Cx
þ
þ
−
x
B
C
γ f r :γ ca
β2
5040ðd0 þ Kεr Þ2 5040d0 2 2520ðd0 þ KÞ3
Bþ
C
þ
B 40320ðd0 þKεr Þd0 2 20160ðd0 þKÞ5
C
@
A
β:γ f r
β:γ ca
þ 20160ðd þKε Þðd þKÞ3 þ 20160d ðd þKÞ3

þ

1
;
g0

2g 2
3g 1
H 2 ðg 0 Þ ¼ − ðKþg
þ ðKþg
Þ3

g 1 ðxÞ ¼ d1 x þ ð1=2Þd2 x2

The constants of d2 and d3 are evaluated later by the solution of
the algebraic equations which comes from the boundary

g 2 ðxÞ ¼

;

C0 ¼

Let g0(x)¼ d0, then,
ð14  bÞ

d3 ¼ g″′ð0Þ:

2g 1
ðK þ g 0 Þ3

A2 ¼ g 2 H 1 ðg 0 Þ þ

where the constants of d0 to d3 are:
d0 ¼ gð0Þ;

1
;
ðKεr þ g 0 Þ

ð18  bÞ

3
1
6 d3 x

n¼0

n¼0

It is convenient to obtain the Adomian polynomials as

and the inverse operator L−(4) is deﬁned as a forth-fold integral
operator [28],
Z xZ xZ xZ x
ð:Þ dxdxdxdx:
ð13Þ
L−ð4Þ ¼
0

n¼0

ð17Þ

ð4Þ

d
¼ ð4Þ ;
dx

0


 ∞

 ∞

∞
∑ An ðxÞ −γ f r L−ð4Þ ∑ Bn ðxÞ −γ ca L−ð4Þ ∑ C n ðxÞ :

ð20  aÞ

The undetermined coefﬁcients, d2 and d3, will be
calculated later by using the boundary conditions at the
x¼ 1 (i.e., Eq. (7-c)) for any given set of non-dimensional
parameters.
Because of the symmetry of the micro beam, the maximum
deﬂection occurred at x¼1/2, which is denoted by umax, where u is
considered as Y/h. In order to study the instability of microactuators, the maximum deﬂection at the onset of pull-in instability can be obtained from Eq. (20-b) by setting dumax/dζ-∞. Here, ζ
is the parameter of interest, which could be each of the nondimensional parameters. No solution exists for u(x) by increasing
the non dimensional parameters beyond the pull-in instability.
Hence, all the parameters and variables at this point are shown by
PI subscript.
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!
!
γf r
γ f r d2
γ ca 4
γ ca d2
βd2
−
þ
−
þ
þ
x6
x
720
24ð1 þ KÞ2 24ð1 þ Kεr Þ 24
720ð1 þ Kεr Þ2
360ð1 þ KÞ3
0
1
β:γ f r
β:γ ca
2 þ
2
2
40320ð1þKÞ
40320ð1þKÞ
ð1þKε
Þ
r
B
C
B
C
γf r 2
γ f r :γ ca
!
γ ca 2
Bþ
C
3 þ 40320 þ
2 C
B
γ f r d3
40320ð1þKε
Þ
40320ð1þKε
Þ
γ ca d3
βd3
r
r
7 B
Cx8 ;
þ
þ
−
x
2
B
C
γ f r :γ ca
β
5040ð1 þ Kεr Þ2 5040 2520ð1 þ KÞ3
þ
B þ 40320ð1þKε
C
5
Þ
r
20160ð1þKÞ
B
C
@
A
β:γ f r
β:γ ca
þ 20160ð1þKÞ3 ð1þKε Þ þ 20160ð1þKÞ3
β

gðxÞ ¼ 1 þ ð1=2Þd2 x2 þ ð1=6Þd3 x3 −

þ

87

ð20  bÞ

r

3.2. Comparison between MADM and previous results

4. Results and discussion

Eq. (7-a) subjected to the boundary conditions of Eqs. (7-b)
and (7-c) is numerically solved using the Runge–Kutta–Fehlberg
method [50] with a relative tolerance of 10−7. Neglecting the
dielectric layer and capillary effects, the model of the present
study reduces to the work of Osterberg and Senturia [12]
as well as Kuang and Chen [30]. Here, two microbeams with
L ¼250 and 350 mm, w ¼ 50 mm, h ¼1 mm, t ¼3 mm, E ¼ 169 GPa and
ν ¼0.06 subject to electrostatic force [12,30] are considered. Table 1 shows a comparison between the pull-in voltage
obtained by previous researchers and the results of MADM as
well as the numerical method. As seen, the relative error between
the results of MADM and the MEMCAD software [12] is less
than 2%.
In order to verify the accuracy and convergence of the
analytical method in the presence of dielectric layer and capillary
effects, the pull-in deﬂection of a typical micro actuator is
evaluated using the MADM and compared with the results of
the numerical method. The analytical results of MADM are
obtained for ﬁve to nine terms of MADM when K ¼0.5, γca ¼30,
β ¼130 and εr ¼ 0.1. In this case, the comparison between the
analytical results and numerical results is shown in Table 2. In
this table, umax,Num and umax,MADM are the maximum beam
deﬂection using numerical method and analytical method
respectively. The results of Table 2 show that the analytical
solution converges to the numerical solution as the number of
the series terms increases, and a higher accuracy can be achieved
by evaluating more terms of the modiﬁed Adomian series.
Comparison between the analytical results and numerical results
in Table 2 illustrates that eight terms of the modiﬁed Adomian
series (O(x−29)) have relative error less than 0.03%, which shows
good agreement between analytical and numerical solutions.
Hence, eight terms of the modiﬁed Adomian series are selected
in the following calculations for convenience.

Based on Eq. (6), the fringing ﬁeld parameter (γfr) is a function
of h/w and β. However, considering a practical nanobeam with
L¼ 350 mm, w ¼50 mm, h ¼1 mm, t¼3 mm, which has been previously analyzed by Osterberg and Senturia [12], demonstrates
that h/w is constant for a speciﬁed microbeam, and hence, the
fringing ﬁeld parameter can be assumed only as a function of β.
The voltage parameter (β) can be changed by changing the voltage
value (V). Therefore, changing the voltage value can also change
the voltage parameter (β) and fringing parameter simultaneously.
By this assumption, the pull-in stability of the microbeam is a

Fig. 2. Effect of dielectric layer parameter on the pull-in capillary parameter.

Table 1
Comparison between pull-in voltage obtained by MADM and previous studies for a microbeam affected just by electrostatic force with h ¼1 mm, w¼50 mm, and t¼ 3 mm.
Beam length (mm)

250
350



 V PI; MEMCAD V PI; MAD 

  100
V PI; MEMCAD

Pull-in voltage (VPI)
ADM [15]

(2-D) [6]

MEMCAD [6]

Numerical (present)

MAD method (present)

39.6
20.2

39.5
20.2

40.1
20.3

39.1
20.0

39.3
20.1

2
1

Table 2
Variation of the maximum deﬂection of a microbeam (umax) evaluated with selected terms of MADM for K¼0.5, γca ¼ 30 and for β¼ 130.
Tip deﬂection

5 Terms (x16)

6 Terms (x20)

7 Terms (x24)

8 Terms (x28)

9 Terms (x32)

MADM
Numerical


u
−umax;Num 
Error% ¼  max;MADM
  100
umax;Num

0.326911

0.329634

0.330731

0.30810

1.19

0.37

0.330474
0.330846
0.11

0.03

0.01
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function of the three remaining non-dimensional parameters of
dielectric layer (K), voltage (β) and capillary (γca).
By solving Eq. (7) for a range of capillary parameter and
selected values of the dielectric parameter, the pull-in voltage βPI
is obtained. Fig. 2 shows the effect of the capillary parameter on
the voltage parameter at the onset of pull-in instability for
selected values of dielectric layer parameter. This ﬁgure reveals
that an increase of the capillary parameter would decrease the
pull-in voltage parameter. As seen, in the case of K ¼ 0.5, the
required values of βPI are two-fold of γca,PI.
This observation is in good agreement with physics of the
microbeams because the presence of an external force reduces the
required voltage for pull-in instability. From a physical point of
view, it is worth noticing that the presence of capillary force or
dielectric layer, appearing in Eq. (7-a), have different physical
insights. The capillary parameter indicates the presence of an
external force, but the dielectric layer parameter indicates the
resistance in electrical force of the microbeam.
Fig. 3 depicts the effect of the capillary parameter on the pull-in
deﬂection of the microbeam for selected values of dielectric layer
parameter. This ﬁgure reveals that there are three distinct trends
of behavior for the variation of beam deﬂection with the increase
of capillary parameter. For the dielectric layer parameter which its
magnitude is comparatively less than 0.5 (K ¼0), as the capillary
parameter increases the pull-in deﬂection increases. In contrast,
for the values of the dielectric layer parameter comparatively
higher than 0.5 (K ¼ 1.0), the inﬂuence of the capillary parameter
on the pull-in deﬂection is inverted. In this case, as the capillary
parameter increases the maximum deﬂection (beam deﬂection) at
the onset of pull-in instability decreases. This observed difference
between two curves (i.e., K ¼0 and K ¼1.0) is because of the fact
that the presence of a dielectric layer increases the pull-in
deﬂection induced by electrical forces. For a dielectric parameter
of K≈0.5, the variation of the capillary parameter does not show
any signiﬁcant effect on the pull-in deﬂection. Thus, for the
dielectric parameter of K≈0.5, the beam deﬂection is independent
of the capillary effects. This interesting value of dielectric parameter is introduced as the Balance Dielectric Layer (BDL) which is
denoted by Kn. Here, in order to analyze the balance dielectric
layer in Fig. 3 (the straight line represent by K ¼0.5), the following

two critical cases from the general model, Eq. (7-a), are studied:
4
γf r
d g
β
¼−
−
dx4
ð0:5 þ gðxÞÞ2 ð0:5εr þ gðxÞÞ

ð22  aÞ

4

d g
γ
¼ − ca
gðxÞ
dx4

ð22  bÞ

Eq. (22-a) neglects the effect of capillary parameter and
assumes a microbeam with a dielectric layer which affected only
by the electrostatic force when K ¼0.5. Here, for the discussion,
temporary the effect of fringing ﬁeld parameter can be neglected
due to the presence of the large value of relative permittivity of
liquid on denominator of its deﬁnition, i.e., γfr ¼0.65(h/w)β/ε and
ε ¼80.1. Therefore, in Eq. (22-a) the term β/(0.5+g)2 is the dominant term. Eq. (22-b) neglects the electrostatic force and supposes
a microbeam affected just by capillary force. By these assumptions,
the deﬂection of beam in these critical cases is either a function of
β/(0.5+g)2 based on Eq. (22-a) or γca/g based on Eq. (22-b).
It is trivial that the deﬂection of the beam is the result of forces
which act on the beam. Hence, increasing the capillary effect
decreases the required pull-in voltage (as seen in Fig. 2). Indeed,
the appearing of capillary effect increases the effect of the capillary
term in Eq. (7-a) and tends to transfer the beam deﬂection trend
from pure electrical force (Eq. (22-a)) into pure capillary force (Eq.
(22-b)). As mentioned, in the case of K≈0.5, the variation of the
capillary parameter does not affect the pull-in deﬂection of the
microbeam. In order to discover the basis of this phenomenon, the
magnitude of 2/(K+g)2 and 1/g for K ¼0.5 and arbitrary values of
non-dimensional pull-in deﬂection (g) are shown in Table 3. It is
worth noticing that the multiplicative value of 2.0 in the term 2/(K
+g)2 comes from the basis of Fig. 2, which shows that the required
value of pull-in voltage parameter is two-fold of the required pullin capillary parameter. As seen, the calculated values of these
functions, i.e. 2/(K+g)2 and 1/g, are very close to each other.
Therefore, in this case, i.e., K ¼Kn, the appearing of capillary effect,
which tends to transfer the beam deﬂection trend from the pure
electrical force to pure capillary force, transfers the beam deﬂection trend between two functions which are almost similar. It
means that in the case of K ¼Kn both parameters of pull-in
capillary and pull-in voltage can be replaced by each other without
any changing in the pull-in deﬂection of microbeam.
The corresponding values of non-dimensional pull-in deﬂections for pure electrical force with K ¼Kn ¼0.5 (Eq. (22-a)) and pure
capillary force (Eq. (22-b)) are marked in Fig. 3. In this ﬁgure the
obtained values of pull-in deﬂection for both of the equations, i.e.,
Eqs. (22-a) and (22-b), are almost 0.62. However, in a general case,
the effect of the voltage force is different from the capillary force.
As seen in Fig. 3 for cases of K ¼ 0 and K ¼ 1.0, at the onset of pull-in
instability different values of pull-in deﬂection are obtained. The
magnitude of non dimensional deﬂection for pure electrical force,
with K ¼0 and K¼ 1 are 0.41 and 0.8, respectively; while the pullin deﬂection for the pure capillary force, Eq. (22-b), is 0.62.
Therefore, by increasing the capillary effect, the non-dimensional
pull-in deﬂection increases from 0.41 (pure electrical force) to 0.62
(pure capillary force). However, in the case of K ¼ 1.0 the
Table 3
Comparison for normal behavior of 1/g and 2/(0.5+g)2 functions.

Fig. 3. Effect of capillary parameter and dielectric layer parameter on the
maximum pull-in deﬂection of microbeam.

g

1/g

2/(0.5+g)2

0.3
0.4
0.5
0.6
0.7

3.33
2.5
2.0
1.67
1.43

3.13
2.47
2.0
1.65
1.39
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Fig. 4. Balance dielectric layer of microbeam for maximum deﬂection.
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Fig. 6. Balance dielectric layer of microbeam for maximum shear force.

Table 4
Maximum deﬂection, shear force and bending momentum in pull-in situation of
microbeam at balance dielectric layer obtained using MADM.
Fig. 4

Fig. 5

Fig. 6

Kn

uPI

Kn

g′′(0)PI

Kn

g000 (0)PI

0.524

0.6212

0.533

18.406

0.549

97.343

Stress analysis of a micro device is important for controlling the
mechanical properties of materials [51] and avoiding the failing of
the device after operation [31]. As known, the maximum bending
moment and shear force always occur at the boundary end points
of a ﬁxed–ﬁxed microbeam with uniform cross-section of area
[36]. The maximum value of internal stress resultants of the
microbeam at the onset of pull-in instability can be deﬁned as [31]

Fig. 5. Balance dielectric layer of microbeam for maximum momentum.

corresponding pull-in deﬂection of the electrical force (0.8) is
higher than that of the capillary force (0.62). Therefore, an increase
in the capillary effect decreases the pull-in deﬂection. As mentioned, in the case of K¼ 0.5 the corresponding pull-in deﬂection
of the pure electrical force (0.62) and pure capillary force (0.62)
are equal. Hence, increasing the capillary effects transfers the pullin deﬂection from 0.62 to 0.62 which is the straight (dashed point)
line in Fig. 3.
Fig. 4 shows non-dimensional deﬂection of the microbeam for
selected values of capillary parameter and a range of dielectric
parameters (K between 0 and 1). A focal point can be seen for all
curves plotted in this ﬁgure. This point introduces the value of
balance dielectric layer for pull-in deﬂection of a typical microbeam.
This point demonstrates that there is a distinct dielectric-layer
parameter in which the variation of the dimensionless capillary
parameter does not affect the values of pull-in deﬂection, which
were introduced as the balance dielectric layer. The balance dielectric
layer phenomenon occurred in this typical microbeam because the
microbeam is subjected to the simultaneous effects of dielectric layer
and capillary force.

sPI;max ¼ g ″PI ð0Þ  htEef f =ð2L2 Þ;

ð23  aÞ

3
2
τPI;max ¼ g ″′
PI ð0Þ  ht E ef f =ð8L Þ;

ð23  bÞ

where sPI,max is the maximum normal stress, and τPI,max is the
maximum shear stress at the initial cross-section of the microbeam.
Figs. 5 and 6 show the effect of the dielectric parameter on the values
of g′′(0) and g′′′(0), respectively. It can be observed that the values of
DBL in Figs. 4–6 are not identical. Therefore, the corresponding values
of Kn for the important design parameters of the microbeam, which
are the pull-in deﬂection, shear force and bending moment, are
shown in Table 4.

5. Conclusion
The pull-in instability of an electrostatic doubly clamped
microbeam in the presence of a dielectric layer and capillary force
is investigated. The modiﬁed Adomian decomposition method is
successfully utilized to obtain the pull-in instability of microbeam.
The comparison between analytical results and numerical results
shows that the eight terms of the Adomian series (i.e., x28) provide
sufﬁcient accuracy for most engineering designs. The results show
that presence of a dielectric layer increases the pull-in deﬂection
induced by electrical forces; however, presence of capillary effects
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may increase or decrease the pull-in deﬂection. The variation of
pull-in deﬂection affects the pull-in tensions (the pull-in shear
force and bending moment) of the microbeam actuator. It is found
that there is a speciﬁc value of dielectric parameter in which the
variation of the capillary parameter does not show any signiﬁcant
effect on the pull-in deﬂection of the microbeam. This value of the
dielectric parameter was introduced as the Balanced Dielectric
Layer (BDL). For each of the other important design parameters, i.
e., pull-in deﬂection, shear force and bending moment, there is a
speciﬁc value of dielectric parameter (BDL) in which the variation
of that design parameter is independent of the capillary effect.
The calculated values of BDL can be very useful in designing the
microbeams actuators in the applications in which the presence of
capillary effects are common. Designing a microbeam with dimensions and physical parameters, in which the non-dimensional
dielectric parameter of the microbeam is equal to the BDL value,
can eliminate the effect of capillary force on the pull-in deﬂection
of the microbeam.
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