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NATURAL-CONVECTIVE HEAT TRANSFER IN
A SQUARE CAVITY WITH TIME-VARYING SIDE-WALL
TEMPERATURE
E. V. Kalabin, M. V. Kanashina, and P. T. Zubkov
Computational Hydrodynamics Laboratory, Tyumen State University,
Tyumen, Russia
The natural-convective heat transfer in an inclined square enclosure is studied numerically.
The top and bottom horizontal walls are adiabatic, and the right side wall is maintained at a
constant temperature T0. The temperature of the opposing vertical wall varies by sine law
with time about a mean value T0. The system of Navier–Stokes equations in Boussinesq
approximation is solved numerically by the control-volume method with SIMPLER
algorithm. The enclosure is filled with air (Pr ¼ 1) and results are obtained in the range
of inclination angle 0  a  90 for two values of Grashof number (2  105 and 3  105).
It can be noted that there is a nonzero time-averaged heat flux through the enclosure at
a 6¼ 0. The dependencies of time-averaged heat flux on oscillation frequency and inclination
angle are depicted. It is found that the maximal heat transfer corresponds to the values of
inclination angle a ¼ 54 and dimensionless frequency f ¼ 20p for both Grashof numbers
studied (2  105 and 3  105).

INTRODUCTION
Unsteady natural-convective heat transfer in enclosures under periodic
variation of boundary conditions has attracted significant interest for the last two
decades. For instance, the case of a square cavity with time-dependent wall temperature has been reported in [1] and [2] (this latter article also contains a rather detailed
review of studies handling similar problems). The increasing interest is attributable
to the relevance of such transient processes in many technological applications. Typical examples are heating and cooling of buildings, solar energy utilization, thermal
energy storage, and cooling of electronic equipment, to name a few.
The stability characteristics and fluid motion behavior in this problem have
been studied in [3], where the influence of frequency and amplitude of boundary
temperature oscillation on the convective flow pattern and critical Rayleigh number
have been discussed for an inclined rectangular enclosure of width-to-height aspect
ratio 4:1.
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NOMENCLATURE
c
f
g
Gr
L
Nuav
Nur
P
P
~
P
Pr
t
T
T0, T1

heat capacity
dimensionless oscillation frequency
(xq0 L2 =m)
gravitational acceleration
Grashof number (gbT1 L3 q20 =m2 )
length of cavity side
time-averaged heat transfer through
the cavity in a period
averaged heat flux through
right wall
pressure
reference pressure (q0 v2 )
dimensionless pressure
f½P þ q0 gðx sin a þ y cos aÞ=P g
Prandtl number (cm=k)
time
temperature, K
constant temperatures, K

u, v
U, V
v
x, y
X, Y
a
b
h
k
m
q0
s
s
x

velocity components in x and y
directions
dimensionless velocity components
(u=v and v=v )
reference velocity (m=q0 L)
Cartesian coordinates
dimensionless Cartesian coordinates
(x=L and y=L)
inclination angle
coefficient of thermal expansion
dimensionless temperature
½ðT  T0 Þ=T1 ,
thermal conductivity coefficient
coefficient of dynamic viscosity
density
reference time (q0 L2 =m)
dimensionless time (t=s )
oscillation frequency

All the previous studies assumed that the time-mean temperature at one of the
walls is higher (or lower) than the steady temperature of the other wall. In the
present article the boundary conditions are different, and time-averaged temperature
on the wall is equal to the corresponding constant temperature of the opposite wall.
This leads to the zero time-averaged heat flux for the case of vertical heat exchanging
walls, but it is different from zero in an inclined cavity.
The influence of inclination angle and oscillation frequency on heat transfer
through the square enclosure is studied for two values of Grashof number.

FORMULATION OF THE PROBLEM
The heat transfer in an inclined square enclosure filled with fluid is considered
(Figure 1). The top and bottom horizontal walls are adiabatic, and the right side wall
is maintained at a constant temperature T0. The temperature of the opposing vertical
wall varies by sine law with time about a mean value T0.
The flow is assumed to be laminar and two-dimensional. The fluid is incompressible and its thermophysical properties are treated as constant everywhere,
except for the density in the body force term in the momentum equations.
The system of equations in Boussinesq approximation can be written as
follows:
q0

qu
qu
qu
qP
þ q0 u þ q0 v ¼ 
þ m Du  q0 g½1  bðT  T0 Þ sin a
qt
qx
qy
qx

ð1Þ

q0

qv
qv
qv
qP
þ q0 u þ q0 v ¼ 
þ m Dv  q0 g½1  bðT  T0 Þ cos a
qt
qx
qy
qy

ð2Þ
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Figure 1. Enclosure geometry and temperature boundary conditions.

qu qv
þ
¼0
qx qy
q0 c

ð3Þ

qT
qT
qT
þ q0 cu
þ q0 cv
¼ k DT
qt
qx
qy

ð4Þ

The boundary conditions are
x ¼ 0:

T ¼ T0 þ T1 sin xt

x ¼ L:

T ¼ T0

ð5Þ
ð6Þ

y ¼ 0:

qT
¼0
qy

u¼v¼0

ð7Þ

y ¼ L:

qT
¼0
qy

u¼v¼0

ð8Þ

The temperature T0 and zero velocities have been used as initial conditions.
It can be shown that the solutions of Eqs. (1)–(8) are the same at inclination
angle values equal to a and (a). All we need to do is to replace boundary condition
(5) at a by T ¼ T0  T1 sin xt at (a). Therefore the heat transfer and flow characteristics have been studied for the range of inclination angle values from 0 to 90.
Equations (1)–(8) have been considered in dimensionless form for convenience
of numerical analysis. The characteristic parameters for this problem are
v ¼

m
q0 L

s ¼

q0 L2
m

P ¼ q0 v2

ð9Þ

If we define the parameter f ¼ xq0 L2 =m, then the argument in the dimensionless
boundary condition will have the form f s.
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For the dimensionless variables taken as
x
L
t
s¼ 
s
X¼

y
L
u
U¼ 
v
Y¼

e ¼ P þ q0 gðx sin a þ y cos aÞ
P
P
v
T  T0
V¼ 
h¼
v
T1

ð10Þ

the system of equations (1)–(4) transforms to
e
qU
qU
qU
qP
þU
þV
¼
þ DU þ Gr  h sin a
qs
qX
qY
qX
e
qV
qV
qV
qP
þU
þV
¼
þ DV þ Gr  h cos a
qs
qX
qY
qY
qU qV
þ
¼0
qX qY
qh
qh
qh
1
þU
þV
¼
Dh
qs
qX
qY Pr

ð11Þ
ð12Þ
ð13Þ
ð14Þ

and the dimensionless boundary conditions are
X ¼ 0:

U ¼V ¼0

X ¼ 1:

U ¼V ¼0

h ¼ sin f s

ð15Þ

h¼0

ð16Þ

Y ¼ 0:

U ¼V ¼

qh
¼0
qY

ð17Þ

Y ¼ 1:

U ¼V ¼

qh
¼0
qY

ð18Þ

The dimensionless initial conditions are as follows:
s¼0

U ¼V ¼h¼0

e ¼ const
P

ð19Þ

Equations (11)–(19) have the following dimensionless parameters: Grashof
number Gr ¼ gbT1 L3 q20 =m2 , Prandtl number Pr ¼ cm=k, and boundary temperature
oscillation frequency f.

PRELIMINARY DISCUSSION
Before we start numerical consideration, let us make do qualitative analysis of
Eqs. (11)–(19). First, we will discuss the case of a ¼ 0 . The horizontal walls are
adiabatic, and the period-averaged temperature of the left cavity side is equal to
the temperature of the right wall. Therefore, during half of the oscillation period
the cavity obtains the heat, and during the other half of the period it loses the same
amount of the heat on the left wall. That is why the average heat flux through the
enclosure remains equal to zero at a ¼ 0 .
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Now, let us consider the case of 0 < a  90 . When the temperature at X ¼ 0
is greater than it is at X ¼ 1, convective motion appears in the enclosure because of
unstable stratification. During this part of the period the heat is transferred by both
conduction and convection. When the temperature at X ¼ 0 is lower than it is at
X ¼ 1, the stratification works against the convection and heat is transferred through
the left wall mostly by conduction. Therefore the amount of heat transferring into
the cavity through the wall with varying temperature could be greater than the heat
losses at this wall. That means there should be nonzero period-averaged heat transfer
through the enclosure.
It is clear that the depth of penetration and the amplitude of the temperature
oscillations will depend on the dimensionless frequency f. It also can be noted that
when f ! 1 the penetration depth of oscillation will diminish to zero. Therefore
there could be maxima of heat transfer and decrease of oscillation amplitude due
to increasing frequency f. Additional eigenfrequencies will appear in this problem
depending on Grashof number and inclination angle.
NUMERICAL DETAILS
The problem has been studied numerically by the control-volume method with
the SIMPLER algorithm [4]. A grid of 5050 control volumes has been used for the
following values of parameters: Pr ¼ 1, Gr ¼ 2105 , and Gr ¼ 3105 . Results have
been obtained for inclination angles 0  a  90 and various values of dimensionless
frequency.
During the computations the time step used is Ds ¼ 4  106 . Thus, for
instance, 25,000 time steps are needed to pass through one oscillation period at
f ¼ 20p.
Most of the results have been obtained at zero initial conditions. At least 10
oscillation periods needed to be calculated to get a solution that is independent on
initial conditions.
RESULTS AND DISCUSSION
Let us consider the average heat flux through the wall at X ¼ 1:

Z 1
qh 
Nur ¼ 
dY

0 qX X ¼1

ð20Þ

Its variation in time at Gr ¼ 2  105 and dimensionless frequency f ¼ 20p is shown
in Figure 2 for the three values of inclination angle (a ¼ 0 , a ¼ 36 , and a ¼ 89 ). It
can be seen that the behavior of this characteristic becomes more complex when the
inclination angle is increasing. Thus, at a ¼ 0 the heat flux varies almost by sine
law, but it has very complicated periodic dependence at a ¼ 89 .
Figure 3 demonstrates similar results for the larger Grashof number,
Gr ¼ 3  105 . Comparison of Figures 2 and 3 shows that increasing Gr leads to
growth of the heat flux oscillation amplitude and to the complication of its behavior
during the oscillation period.
The time dependence of Nur for a few values of dimensionless frequency at
Gr ¼ 3  105 and a ¼ 60 is shown in Figure 4. The amplitude of oscillation
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Figure 2. Heat flux Nur dependence on time for various values of a at Gr ¼ 2  105 , f ¼ 20p: 1, a ¼ 0 ;
2, a ¼ 36 ; 3, a ¼ 89 .

Figure 3. Heat flux Nur dependence on time for various values of a at Gr ¼ 3  105 , f ¼ 20p: 1, a ¼ 0 ;
2, a ¼ 36 ; 3, a ¼ 89 .
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Figure 4. Heat flux Nur dependence on time at Gr ¼ 3  105 and a ¼ 60 for various values of f: 1,
f ¼ 5p; 2, f ¼ 40p; 3, f ¼ 160p; 4, f ¼ 320p.

Figure 5. Variations of temperature at X ¼ 1 and Nur in a period for Gr ¼ 3  105 , a ¼ 45; f ¼ 20p: 1,
Nur ; 2, h.
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Figure 6. Eigenfrequencies of Nur oscillation at Gr ¼ 3  105 , a ¼ 45 , f ¼ 20p.

Figure 7. Representative plots of stream function (dashed lines correspond to negative values) during
a period of oscillations. Gr ¼ 3  105 , f ¼ 20p, a ¼ 45 .
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decreases while the frequency is growing, and the same behavior is known for the
case of pure-conductivity problems. Figure 4 also shows that increasing frequency
leads to decreasing heat transfer through the cavity, and that it will equal zero at
f ! 1.
Figure 5 shows the Nur variation during one period along with the temperature
variation (which is described by nearly sine law) at X ¼ 1 for fixed values of parameters f ¼ 20p, a ¼ 45 , Gr ¼ 3  105 . The heat flux Nur is positive during all of
the period, i.e., the heat is transferring in the direction that coincides with the direction of the X axis. It can also be seen that, together with the frequency f , the Nur ðsÞ
dependence has some additional eigenfrequencies. This fact is clearly depicted in
Figure 6.
The flow transformations during the period are shown in Figures 7 and 8 by
representative patterns of the stream function and temperature field. It can be seen
that the flow structure is sufficiently changed in a period. There are one, two, and
three cellular flows with different directions of rotation in the cavity.
Let us consider the time-averaged heat transfer through the cavity in a period:
Nuav

f
¼
2p

Z
0

2p=fZ 1
0


qh 
dY ds
qX X ¼1

ð21Þ

Figure 8. Representative plots of isotherms (Dh ¼ 0:1, dashed lines correspond to negative values) during
a period of oscillations. Gr ¼ 3105 , f ¼ 20p, a ¼ 45 .
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Figure 9. Time-averaged Nusselt numbers with inclination angle at Gr ¼ 2  105 ð1Þ and Gr ¼ 3  105
ð2Þ for f ¼ 20p.

Figure 10. Time-averaged Nusselt numbers with frequency at a ¼ 50 ð1Þ and a ¼ 60 ð2Þ for Gr ¼
3  105 .
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The dependence of Nuav on inclination angle a is shown in Figure 9. It can be seen
that there is zero heat flux through the cavity at a ¼ 0 (as was expected). The heat
transfer through the enclosure reaches its maximum at a ¼ 54 . Moreover, there are
local maxima and minima near 90; these are caused by flow transformations in the
neighborhood of this angle, especially at Gr ¼ 3  105 .
The dependencies of heat transfer on oscillation frequency for the fixed values
of inclination angle (a ¼ 50 and a ¼ 60 ) are shown in Figure 10. The relation
Nuav( f ) is nonlinear and has rather complex behavior. For instance, the local minimum at f ¼ 50p and two local maxima at f ¼ 10p and f ¼ 85p are discovered for
a ¼ 60 . And in the range of f from 5p to 100p the heat flux varies not more than
10%. The period-averaged heat transfer through the cavity diminishes very fast with
increasing frequency at f > 100p.
CONCLUSIONS
The problem of natural-convective heat transfer through an inclined square
enclosure with time-varied temperature on one of its wall has been studied numerically. It was essential here that the period-averaged temperature of one wall coincided with the constant temperature of the opposite wall.
It has been shown that at a 6¼ 0 there is a transfer of heat through the cavity
in the direction of the X axis. The dependencies of the time-averaged heat flux on
oscillation frequency have been obtained for fixed values of inclination angle with
Gr ¼ 2105 and Gr ¼ 3105 . The ‘‘heat transfer–inclination angle’’ relations also
have been investigated for various values of temperature oscillation frequency.
It has been found that the maximal heat transfer through the studied enclosure
with Grashof numbers equal to 2105 and 3105 can be achieved at a ¼ 54 and
f ¼ 20p.
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